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Background
 Core concepts of elementary and secondary mathematics 

education (NCTM, 2000),

 Solid foundations for diverse topics such as linear 
functions, slope, geometric similarity,

 Current research suggests that teachers have similar 
difficulties as students in reasoning about proportional 
relationships with quantities (e.g., Harel & Behr, 1995),

 In particular, teachers can have difficulty distinguishing 
missing-value problems that describe directly proportional 
relationships from ones that do not (e.g., Cramer, Post, & 
Currier, 1993), and

 They have difficulty interpreting quotients in comparison 
tasks (e.g., Canada, Gilbert, & Adolphson, 2008).



“Standard” Proportion Equations

 “Standard” proportion equation means an equation of the 

form A/B = C/D, where A, B, C, D are numbers or letters. I

focus on the equations of 7/4 = Y/X and X/4 = Y/3, where

there are exactly two numbers and exactly two letters. 

 Both children and teachers can formulate standard 

proportion equations even when such an equation is not 

normatively correct (e.g., Jacobson & Izsák, 2014).

 We know of no study that has examined whether children 

or teachers can interpret standard proportion equations in 

exactly two letters when such an equation does apply.  



Definition of Multiplication

How-many-units-in-1-group(partitive division):

M • ? = P
How-many-groups(measurement division):

? • N = P



Multiple Batches Perspective
Quantities of peach and grape juice in a mixture with

5 to 4 ratio :
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Purpose & Research Questions

 To examine how 5 future teachers generate and interpret

standard proportion equations, especially when prompted to

use the definition of multiplication.

 How do future teachers interpret standard proportion 

equations in terms of quantities?



Methods
 A larger, ongoing project of future middle grades (grades 4-8) 

mathematics teachers’ ecology of multiplicative reasoning. 

 Dr. Beckmann taught a cohort in 2014-2015. 

 Fall 2014 semester: the definition of multiplication,

 Spring 2015 semester:  the variable parts and multiple batches 
perspectives on proportional relationships (Beckmann & Izsák, 
2015) and algebraic equations by reasoning about relationships 
among quantities. 

 6 future teachers were recruited based on their performance on a 
fractions survey that focused on multiplication and division with 
fractions in terms of quantities. 

 Each of these six teachers participated in a total of six individual 
cognitive interviews during the two semesters in 2014-2015. 

 Data for the present study consist of future teachers’ interview 
videos based on two tasks that 5 of the teachers worked on during 
their sixth interview. 



 Task 1:A flower shop makes potting mix by mixing 4 scoops 
of peat moss with 7 scoops of soil. If the flower shop makes 
the same potting mix using X liters of peat moss and Y liters 
of soil, what is the relationship between X and Y ?

 How many groups of the total peat moss does it take to 

make the amount of the total soil?

Y ÷ X (in terms of liters)

7 ÷ 4 (in terms of parts)



Results_Task 1
 All teachers eventually produced Y/X = 7/4 or X/Y = 4/7. 

 3 of the 5 teachers explained at least once that they saw 

either the left or the right hand side of the equations as 

fractions. However, they did not give evidence of reasoning 

with quantities.

 Next, the fourth future teacher, Callie, did not interpret her 

equation Y/X = 7/4 in terms of quantities and only 

demonstrated the equality of her equation using numeric 

values to represent X and Y. 



Results_Task 1
 Only Linda interpreted X/Y = 4/7 and Y/X = 7/4 using how-

many-groups division with strip diagram drawing:

• Linda: “It’s like the groups things again, so like how many groups 

of Y can you get out of X, and you get 4/7ths, or how many 

groups of X can you get out of Y and you get 7/4ths.”



Prompt: Definition of Multiplication

 Before Task 2 was presented, the future teachers were 

prompted to consider the definition of multiplication in 

reasoning about the tasks. 

 They were asked to interpret the meaning of the M • N = P, 

and all of those teachers were clearly able to interpret it.



 Task 2:A company makes jars of spice mix containing 3 tbs of 

poppy seeds and 4 tbs of sesame seeds. The company uses X

tbs of sesame seeds and Y tbs of poppy seeds. How might you 

decide the number of jars of spice mix the company makes?

 How many groups of 4 tbs of sesame seeds does it take to 

make X tbs of sesame seeds? X ÷ 4 

 How many groups of 3 tbs of poppy seeds does it take to 

make Y tbs of poppy seeds? Y ÷ 3 



Results_Task 2
 All future teachers interpreted the standard proportion 

equations such as X/4 = Y/3 using division in terms of 

quantities. 

 Alex explained the equation X/4 = Y/3 by seeing X and Y as 

the total number of seeds, and that 4 tbs of sesame seeds and 

3 tbs of poppy seeds were needed for each jar, so dividing 

how many in all the groups by how many in each group 

would give the number of jars. 



Results_Task 2
 Diana interpreted X/4 = Y/3 in terms of quantities as X ÷ 4 = 

Y ÷ 3, and that both sides of the equation are equal because 

how-many-groups division indicates the number of groups. 

Diana: “So, they essentially equal the same number of groups. So, if you 

have X, and there’s 4 tablespoons in each group that totals X, that 

number of groups with 4 in each group is going to be the same as the 

number of groups with 3 in each group to equal Y poppy seeds.”



Results_Task 2
 Linda interpreted X/4 = Y/3 in terms of quantities as X ÷ 4 = 

Y ÷ 3, and that both sides of the equation are equal because 

how-many-groups division indicates the number of groups. 

Linda: “X over four is the jars of sesame and Y over three are the jars of 

poppy, but because we’re making them in a ratio there should be the 

same number of jars total, that’s why I figured we could set them equal.”



Results_Task 2
 Finally, Claire was asked to re-interpret Task 1 after Task 2. In 

contrast with her interpretation in Task 1 at the beginning of 

the interview, she interpreted X/Y = 7/4 as how many groups 

there are of X units in the Y:

Claire: “When we’re dividing Y by X, that’s saying how many total units 

divided by units per group. So we can see how many groups of peat 

moss are in the soil. So, it’s the same as saying C divided by B equals 

A. Because we have Y units divided by X, there are X units in each 

group. Shows how many groups there are of the X units in the Y.”



Conclusion
 In Task 1, 4 of the 5 teachers did not interpret Y/X = 7/4 in terms 

of quantities. 

 3 of the 5 teachers discussed fractions, at least once. It is possible 
that those teachers did not view fractions as the result of division. 
It is also possible that after interpreting the equation in terms of 
fractions, they were unable to reinterpret their drawings in 
another way.

 On the other hand, in Task 2, after teachers were prompted to 
consider the definition of multiplication, all 5 teachers could 
interpret standard proportion equations in the given situations. 

 Explicit use of the definition of multiplication may be helpful for 
interpreting standard proportion equations in terms of quantities 
as well as making sense of proportional relationships. 

 Use of drawings such as strip diagrams were found to be useful 
for interpretation of standard proportion equations because they 
support thinking about “how many of these are in that” language. 



Implications
 As MTEs, we should not dismiss standard proportion 

equations because they can be set up with an understanding.

 If we provide appropriate tools to our future teachers such as 

the definition of multiplication and drawings like strip diagrams, 

teachers can have better opportunities to generate and 

interpret these equations in terms of quantities.
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